ABSTRACT Event-triggered consensus problem is studied for a class of heterogeneous first-order multiagent system, which contains multiple single integrators with different nominal velocities, and an adaptive consensus algorithm in the leader-following structure is adopted. Under the event-triggered mechanism, the agents' inputs are only updated at discrete times determined by a centralized event-triggered function. By constructing proper Lyapunov function, sufficient consensus conditions are gained for the asymptotic consensus convergence. Furthermore, the consensus problem subject to identical input delay is considered, and consensus conditions in the form of linear matrix inequalities are obtained. Numerical simulations show the effectiveness of the event-triggered consensus control strategy.
I. INTRODUCTION
Recently, coordination control of spatially distributed multiple autonomous agents has been one of the key problems in the control theory field due to its various engineering applications [1] - [5] , such as, formation control of unmanned aerial or ground vehicles [1] , [2] , consensus seeking control [3] , [4] , cooperative estimation of sensor networks [5] , and so on.
Consensus problem is the most popular issue of coordination control of multi-agent systems, and has been extensively analyzed and synthesized in different research fields, e.g. mathematics, biology, and computer virtual simulation. Consensus problem means that several autonomous agents reach an agreement value on the state variable of interest [6] . As far as we know, the majority of research works on consensus problem were aimed at the homogeneous multiagent systems composed of agents with identical dynamics, e.g. first-order agents [7] - [9] ), second-order agents [10] - [13] and high-order agents [14] . Meanwhile, heterogeneous multiagent system composed of agents with distinct dynamics, has also attracted more and more researchers' interests in the past decade. For simplicity, mixed-order multi-agent systems composed of several type agents, e.g. first-order and second-order agents [15] , first-order and second-order agents together with nonlinear Euler-Lagrange agents [16] , and so on, has been thoroughly studied, and consensus algorithms have been designed and analyzed based on different methods. To analyze the consensus seeking problem of general heterogeneous linear multi-agent systems, Lee and Spong [17] and Kim et al. [18] used spectral radius theorem and output regulation theory, respectively, to obtain consensus conditions for the agents with and without time delays. Liu and Liu [19] considered a multi-agent system of heterogeneous linear firstorder agents with distinct nominal velocities, and designed new consensus algorithms by adding an adaptive variable into the usual consensus algorithm. Based on matrix theory and frequency-domain analysis, consensus conditions were provided for the multi-agent system without and with identical input delay, respectively, so as to guarantee the consensus convergence [19] .
In real engineering application, the data for transmission and control input are usually time-triggered and sampled periodically and aperiodically [20] , and the cost of information exchange is very high. In multi-agent network, the communication cost becomes critical, so event-triggered mechanism, where agents' states are sampled just at some triggered times determined by event functions, has been extensively proposed for traditional control [21] and coordination control of multi-agent systems [22] - [24] . For first-order multi-agent systems, Dimarogonas and Johansson [22] , [23] and Dimarogonas et al. [24] used centralized and decentralized event-triggered strategies, respectively, to deal with the consensus seeking problem. According to matrix theory and Lyapunov stability criterion, Dimarogonas and Johansson [22] , [23] and Dimarogonas et al. [24] proved the consensus convergence conditions, and event-triggered functions and event intervals are obtained. For secondorder multi-agent systems, the decentralized event-triggered consensus protocols were proposed to solve the dynamical consensus problem under fixed topology, and eventtriggering function, consensus conditions and event-time intervals were presented by constructing proper Lyapunov functions [25] - [27] . For the second-order multi-agent systems without and with nonlinear dynamics, Li et al. [28] adopted a dynamical leader-following consensus protocol under the decentralized event-triggered mechanism, and obtained the consensus convergence conditions under fixed topology and switching topologies respectively. Besides, Wei and Xiao [29] investigated the synchronization problem of harmonic oscillators, which was regarded as special second-order multi-agent systems, and used the centralized and decentralized event-triggered control protocols respectively. Using Lyapunov stability criteria and nonsmooth analysis, consensus conditions, event functions and event-time intervals were provided [29] . For general linear multi-agent systems under fixed and switching topologies, Zhang et al. [30] proposed asynchronous event-triggered consensus algorithms, and presented the consensus convergence criteria by using variable substitution method. In the light of event-triggered strategy, besides, Ding et al. [31] investigated the consensus problem for a class of discretetime linear multi-agent systems with stochastic noises. By defining the consensus problem in probability, consensus seeking was proved based on the so-called input-to-state stability in probability, and control parameters and triggering threshold were gained in the form of LMIs [31] .
In reality, information exchange among agents induces non-negligible time delay in the consensus control protocol [32] - [35] . In [32] , event-triggered control was introduced to solve the consensus problem of multi-agent systems with time-varying communication delays, and two different decentralized event conditions and sufficient consensus conditions were obtained by using corresponding Lyapunov functions. Event-triggered consensus problem was also investigated for the multi-agent system with general directed topology and time delay [33] , and an event-triggered control strategy was proposed together with a novel eventtriggered function, where a time-varying offset was introduced so as to avoid the potential Zeno behavior and relax the conservative theoretical threshold. Besides, a sufficient condition was presented to guarantee the consensus convergence in [33] . Zhu and Jiang [34] considered an event-triggered leader-following consensus control for multiagent systems with input delay, and necessary and sufficient conditions were presented by using time-domain analysis method.
Referring to current works on event-triggered consensus problem, the investigation objects are mainly homogeneous multi-agent systems. Then, this paper considers the heterogeneous first-order multi-agent systems, of which each agent has different nominal velocities. To deal with the consensus problem, we adopt a leader-following adaptive consensus algorithm, and propose a centralized event-triggered mechanism. Based on Lyapunov stability criterion, sufficient conditions are presented for the agents converging to an asymptotic consensus. Moreover, we study the multi-agent systems with input delay, and sufficient conditions and event-triggered function are gained to guarantee the consensus convergence based on the Lyapunov-Krasovskii functional. Main contributions are summarized as follows.
• Event-triggered consensus strategy is applied into a heterogeneous first-order multi-agent systems.
• Consensus conditions are obtained for the heterogeneous multi-agent systems without and with identical input delay. Throughout this paper, I n denotes an n × n identity matrix, and o n is as a zero matrix. Denote 1 n as an all-one vector with appropriate dimensions, and A T is regarded as the transpose of matrix A. A and λ min (A) represent the Euclidean mode and the minimum eigenvalue of matrix A, respectively.
II. PROBLEM FORMULATION A. GRAPH DESCRIPTION
A multi-agent network of n agents and a leader is described by an undirected interconnection graphĜ = G ∪ {0}. InĜ, the leader corresponds to 0 and G = (V , E) denotes the topology of other n followers. In G, V = {1, 2, · · · , n} is the set of agents and E ⊆ V × V is the set of edges. In V , i denotes the ith agent and the edge (i, j) ∈ E implies that agent i can reach the information of agent j. A = (a ij ) ∈ R n×n is the weighted adjacency matrix of n agents where a ij > 0, if (i, j) ∈ E and a ij = 0, otherwise. To describe the leaderfollower adjacency relationship, we define a diagonal matrix 
G is called connected, if there exists a path between any two agents in G. From the definition of Laplacian matrix, L of an undirected graph is symmetric and positive semi-definite, and has a single zero eigenvalue with the corresponding eigenvector 1 n [39] . In this paper, the eigenvalues of L are
B. SYSTEM MODEL
In this paper, we consider the following heterogeneous firstorder agentṡ
where x i ∈ R and u i ∈ R are the state and input of agent i, respectively, and w i ∈ R denotes the agent i's nominal velocity similar to that in [19] . To solve the consensus problem of agents (1), we take into account the leader-following coordination control structure, and the dynamical leader's model is described asẋ
where x 0 (t) ∈ R and w 0 ∈ R are the leader's state and velocity. The first-order agents (1) converge to a Leader-following Consensus asymptotically, if the agents' states satisfy
C. USEFUL LEMMAS Two lemmas as follows will play important roles in the main results. Lemma 1: [36] The symmetric linear matrix inequality
is equivalent to either of the following conditions:
For arbitrary x ∈ R, y ∈ R and ε > 0,
holds.
III. EVENT-TRIGGERED CONSENSUS CONTROL
In this section, we adopt a leader-following adaptive consensus algorithm and propose an event-triggered mechanism to deal with the consensus problem of agents (1).
A. ADAPTIVE CONSENSUS ALGORITHM
The consensus algorithm of first-order agents (1) is usually designed as
where κ > 0, and a ij > 0, j ∈ N i and b i > 0. The closed-loop system of agents (1) with (4) is formulated aṡ
Remark 1: Specially, the system (5) can be considered as the linearized model of Kuramoto oscillators [37] . Different from the current works on Kuramoto oscillators, we considered the consensus seeking problem of x i (t) but not that of the velocityẋ i (t). Evidently, the followers in system (5) cannot reach the asymptotic leader-following consensus for the different velocities. For the heterogeneous first-order agents (1), our former work [19] has proposed new adaptive consensus algorithms, which made the original heterogeneous multiagent system become a homogeneous multi-agent system asymptotically.
We adopt an adaptive consensus algorithm similar to that in [19] as follows.
where γ > 0, and z i (t) is an added variable. In (6), the agents' velocities and the leader's velocity are supposed to be known and transmitted to its neighbors together with the adaptive variables.
With the algorithm (6), therefore, the agents (1) becomė
B. EVENT-TRIGGERED MECHANISM
In the centralized event-triggered structure, the agents update the controllers synchronously at a global triggered time and remain unchanged until the next trigger time. The triggered time is defined as the time when the triggered function reaches a threshold. Event-triggered control law is given by
where t k > 0 denotes the kth triggered time. The closed-loop form of agents (1) with (8) is formulated aṡ
Letx i (t) = x i (t) − x 0 (t) andz i (t) = z i (t) + w i − w 0 , and rewrite (9) aṡ
Remark 2: The convergence analysis of system (10) has been accomplished in our paper [38] , but we also analyzed here in order to compare the following results with that of the next section on the event-triggered consensus seeking under input delay.
Setx(t) = x 1 (t), · · · ,x n (t) T ,z(t) = z 1 (t) , · · · ,z n (t) T , and rewrite (10) aṡ
Let e(t) = e T 1 (t), e T 2 (t) T , where e 1 (t) =x(t k ) −x(t),
Then, the equation (11) turns to beẋ (t) =z(t) + e 2 (t) − κ(L + B)(e 1 (t) +x(t)),
Furthermore, the equation (12) is expressed aṡ
where
e(t) = y(t k ) − y(t), and H = −κ(L + B)
.
Theorem 1:
For the heterogeneous first-order multi-agent system (9) with an undirected and connected topology, the leader-following consensus is reached asymptotically, if
holds, and the triggered function is given by
When f (e(t)) approaches zero, all the agents' controllers will be triggered, i.e., the control input of each agent will be updated, and the measurement error will be set to zero.
Proof: In order to analyze the effectiveness of the proposed strategy, we construct the following Lyapunov function,
Since (14) is satisfied, the matrix P is strictly positive according to Lemma 1. For simplicity, we set V = V (t), y = y(t), e = e(t). Calculating time derivation of V yieldṡ
with 0 < σ < 1, and we geṫ
Thus, the centralized event-triggered strategy is effective for the agents in system (9) converging to the leader-following consensus asymptotically. Theorem 1 is proved.
Moreover, the event time t k is computed from the following equation,
Besides, the time interval between the adjacent events t k and t k+1 is larger than a strictly positive constant given in the following theorem.
Theorem 2: For the heterogeneous first-order multi-agent systems (9) with an undirected and connected topology, if the condition (14) holds and the triggered function (15) is adopted, we get
and
Proof: Similarly to [21] , the time derivative of 
From (13), we obtain
Substituting (24) into (23) 
Denoting ϑ = e y , we haveθ ≤ ( H + 1)(1 + ϑ) 2 so that ϑ satisfies the bound ϑ ≤ µ (t, µ 0 ), where µ (t, µ 0 ) is the solution ofμ ≤ ( H + 1)(1 + µ) 2 , µ (t, µ 0 ) = µ 0 . Then, the solution of equation (25) is defined as
It follows from (18) that
With (26) and (27), we gain
Hence, Theorem 2 is proved.
IV. CONSENSUS SEEKING WITH INPUT DELAY
Now, we investigate the leader-following consensus problem of heterogeneous first-order multi-agent system (7) with identical input delay.
where τ > 0 is the input delay. By utilizing the event-triggered mechanism, the system (29) becomeṡ
Letx i (t) = x i (t) − x 0 (t),z i (t) = z i (t) + w i − w 0 , and reformulate (30) aṡ +κ(
where t k > 0 denotes the kth triggered time.
T , and we obtaiṅ
where e(t) = e T 1 (t), e T 2 (t) T with e 1 (t) =x(t k ) −x(t) and
In order to simplify the derivation, we rewrite the equation (32) aṡ
Moreover, let y(t) = x T (t),z T (t − τ ) T , and we geṫ
,
Theorem 3:
For the heterogeneous first-order multi-agent systems (30) under an undirected and connected topology, the agents' states converge to the leader-following consensus asymptotically, if the following triggered function
is adopted, where κ 1 > 0, κ 2 > 0, κ 3 > 0, and there exists symmetry matrices 
Theorem 4:
For the heterogeneous first-order multi-agent systems (30) with an undirected and connected topology, the agents achieve the leader-following consensus asymptotically if the triggered function (35) is adopted and there exist symmetry matrices (36) holds. Besides, the system (30) with the event triggered function (35) avoids the Zeno behavior.
Proof:
It follows from (35) that
In order to derive a positive lower bound on the sampling interval, an upper bound on the measurement error e(t) for t > t k is calculated. Sinceė(t) = −ẏ a (t), e(t) ≤ t t k y a (s) ds holds, where
Define y(t) ∞ = sup t≥0 y(t) , e(t) ∞ = sup t≥0 e(t) , y(t − τ ) ∞ = sup t≥0 y(t − τ ) and e(t − τ ) ∞ = sup t≥0 e(t − τ ) , then we get
Notice that the sampling will not be triggered before e(t) ≤ h 1 y(t) + h 2 y(t − τ ) + h 3 e(t − τ ) . Thus, we obtain
If the system (30) achieves the consensus, i.e., y(t) = y(t − τ ) = e(t − τ ) = 0,θ must be zero. In other words, there is no Zeno behavior before the consensus is reached. Theorem 4 is proved.
V. NUMERICAL EXAMPLE
Take into account a multi-agent network of five agents and a leader, and the undirected and connected topology is plotted in Fig. 1 (14) in Theorem 1. The agents (7) converge to a dynamical consensus asymptotically (see Fig. 2a) , and the trajectories of the adaptive variables and the evolution of the errors are shown in Fig. 2b and Fig. 3 , respectively.
For the multi-agent system (30) with input delay, we take γ = 0.1338, k = 0.02, κ 1 = 0.2, κ 2 = 0.7, κ 3 = 5.8, and set input delay τ = 0.1s, which make the condition in Theorem 3 hold. Then, the agents (30) converge to the dynamical consensus asymptotically (see Fig. 4a ), the convergence properties of the adaptive variables are shown in Fig. 4b, and FIGURE 5 . Evolution of the measurement error norm e(t ) with input delay.
the evolution of the errors are illustrated in Fig. 5 . Based on the simulation results above, it is easy to conclude that the update periods which are aperiodic and all the followers without or with input delay follow the leader's trajectory asymptotically.
VI. CONCLUSIONS
In this paper, a centralized event-triggered consensus control is proposed for heterogeneous first-order multi-agent systems with different nominal velocities. We adopt an adaptive leader-following consensus algorithm, and examined the consentability of the closed-loop system without and with input delay, respectively, by using the Lyapunov stability criterion. Besides, it is also proved that there is no Zeno behavior when the proposed event-triggered control strategy is applied. However, event-triggered strategy in the centralized way that all the agents are triggered at the same eventtimes is really idealized, because the centralized information gathering is difficult for a large network. We will focus on designing a decentralized event-triggered consensus control for the heterogeneous first-order multi-agent systems in our future work. In our future work, in addition, some good results on switched systems [41] , [42] , stochastic systems [20] , [41] and intelligent control [35] , [40] , [43] , will provide good ideas on the analysis and synthesis of event-triggered consensus problem under switching topologies, stochastic packet loss, etc.
